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The sequence of extremal problems I, = sup{ (2n)-’ jp ) p(0)12 dOl p E P,}, where 
P, denotes the set of nonnegative trigonometric polynomials of degree < n having 
constant term 1, is studied. It is shown that (n + 1) C, <I, i 1 + (n + 1) C,, where 
C, = 0.686981293... 8: 1988 Academic Press, Inc. 
Let P, denote the set of nonnegative trigonometric polynomials of 
degree < N having constant term equal to 1. A well known result of Fejer’s 
is that the maximum L,-norm of a function in P, is N + 1. In fact Fejer 
proved that 
sup sup q(t) = N+ 1 
ytP* ,E[O,ZR) 
and that 
sup q,(r)= N+ 1 (Sl E PN) 
,t [O, 277) 
if and only if q, is of the form 
ql(t)=(N+l)-’ (l+e”‘+d+e2”‘+“‘+ . . . +&N(r+4)2 (1) 
(see [7, pp. 78-791). In this paper we study the problem of maximizing the 
L,-norm of a function in P,. Let 
I,=suP{4q)IqEPN), 
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where Z(q) = (27~~’ Ji” /q(O)j’df?. We will show that 
(N+l)C,<Z,<l+(N+l)C, 
for all N> 1, where C, = 0.686981293... . 
Using the FejCr-Riesz representation it is easily seen that the problem we 
are considering here is equivalent to the estimation of 
R llPII4 
N,432=os%N IIPII,’ 
where YN is the set of polynomials of degree at most N and 
&- ,P(e.“),pd7))lo. 
0 
In fact it is clear that I,= (RN,4, 2 )“. The more general problem of 
estimating 
has been considered by S. M. Nikol’ski, R. L. Streit, and others. From the 
results of Nikol’ski [9, pp. 229-2301 it follows readily that 
yN’14 < RN,,,, < (N+2)“4, 
where y is a positive constant. In his thesis [8], Streit obtained a result 
which implies, in particular, that 
Our line of work was originally motivated by a problem posed by 
F. Holland [ 1, Problem 4.261 and was pursued in [4], but our current 
investigations are primarily inspired by the paper [3] of Garcia, 
Rodemich, and Rumsey where it is stated that lim, _ m (N + 1) -~ ’ I, = C, . 
(Actually a careful study of [3] reveals that even more is proved.) We are 
grateful to F. Holland for pointing out the relevance of [3] to our work. 
Recall that every qE P, can be written in the form 
q(t)=(b,+b,e”+ ... +b/+Y’J2, (3) 
where c,Y=, lb,/ * = 1. We showed in [4] that there is a maximizing 
trigonometric polynomial in P, which has the form (3) with b,> 0 and 
b,= b,-, forj=O, 1, .., N. We conjectured that the his could be chosen so 
as to satisfy 0 Q b, < b,, , for j < N/2. We settle our conjecture with 
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THEOREM 1. There exists a maximizing trigonometric polynomial of the 
form (3) which satisfies h, = h,- i for j= 0, 1, 2, . . . . N as well as 0 d bj < bj, , 
for j< N/2. 
Proof. First we choose nonnegative numbers b,, b, , . . . . b, such that 
q(t)=(b,+b,e”+ ... +bNeiN’12 
belongs to P, and satisfies I,,, = l(q). Suppose N = 2k where k is an integer. 
Then we may write 
I,=(2n)-‘9” (boe~“‘+b,e-“k~‘)‘+ . . . +b, 
+b k+,e”+ ... +b’,k,“dt. 
We now bring in a result due to Gabriel [S, Sections 10-l l] which implies 
s 2n(boe~‘k’+b,e-i(k~i)l+ . . . +b, 0 
d ** (bbe-‘k’+b;e- @-I)[+ .,. +b; 
+ hi + l e’* + . . . + b;ke’kr/4 dt, 
where (bb, b’, , . . . . b&) is a permutation of (b,, b, , . . . . b,,) such that 
bb<b;d ... <b;ab;+,> . . . ab;,. 
Since the trigonometric polynomial 
q*(e”) = lb; + b’,e” + . . + &pfl’ 
belongs to P, it follows that I(q*) <I,. Thus, l(q*) = I, and q* is a 
maximizing member of P,. It follows from the proof of Theorem 2 of [4] 
that all of the zeros of the polynomial 
bb+b;z+ ... +bikz2’ 
must lie on the unit circle. The condition bj = b& j follows immediately. 
The case where N = 2k + 1 is handled in a similar fashion. 
Remark. Suppose q is a maximizing member of P, written in the 
form (3). Then we must have b, # 0. For if b, = 0, then the degree of q is at 
most N- 1. But, as we pointed out in [4], q must be an extreme point of 
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the convex set P, and, therefore must have degree N. (See also [6].) 
Similar reasoning yields the inequality I, _, < I,,,. 
It is now convenient to review some of the notions discussed in [3]. Let 
YN= u%J,“=-, I t4> . P ‘t’ is OSI ive definite, a, = 1 and a, = 0 for InI > N}. 
Since C,“= _ N akeik’ E P, if and only if the sequence determined by letting 
uk = 0 for Ik[ > N belongs to yN, it follows that 
I,=‘%+ bk12t {ak}EyN}. (4) 
The continuous analog of the problem defined by (4) is that of finding 
c,=sup 
1 
s” (A(X))2dXIAEF~ , 
-6 I 
(5) 
where F6 is the class of continuous positive definite functions which take 
the value 1 at 0 and vanish outside the interval [ -6, S]. It is easily shown 
that C, = K,. In [3] the constant C, is determined by an iterative 
procedure to 24 decimal places. To live figures we have C, = 0.6869%. . We 
relate C, to I,V via the following. 
THEOREM 2. For all N 3 1 we have 
(N+l)C~~I,~<l+(N+l)C1. 
The proof of Theorem 2 depends on the following. 
LEMMA 1. If C,“=~ Nanein’= ICfzOhkeikr12, where b,-,=bk for 
0 6 k 6 N and 0 < b0 6 b, < . . < bIN,2,, then 
a, >a, >a2> ... >a,>O. 
Proof: Since 
N k 
uk= c h,,kbm 
m=O 
we see that 
N-k-l 
Ok-Q,+,=b,b,-,+ 1 b,(bm+k-bm+k+I) 
m=O 
N-k- 1 
> 1 bm(b,,.k-f’m+k+,)=Ak. 
m  = 0 
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It &ices to show that AkZO for O<k<N-1. Let p=[N/2]. We 
consider the following cases: 
Case 1. p<k<n-1. Here we have bm+k-bm+k+,20 for 
0 <m <N-k - 1 since p < m + k. Since b, > 0, it follows that A, 2 0 in 
this case. 
Case 2. 0 <k < p. We write 
p--k- 1 N-k-l 
A,= 1 b,(bm+k-b,+k+,)+ 1 b,(b,+,-b,,,,,). 
m=O m=p- k 
Each term in the second sum is nonnegative since, for p-k < 
m<N-k-l we havep<m+kdN-1 so that bm+k>bm+k+,. Thus we 
have 
p-k --1 N-2k- I 
A/c>, 1 bm(bm+k-bm+k+,)+ c b,(b,+k-b,+k+,). 
lM=O m=p-k 
Next we rearrange the second sum as 
N-2k-1 
c bm(bm+k-bm+k+,) 
Using the relationship bj= b,_ j we obtain 
p-k-l 
A,> c bd’m+k-bm+k+,) 
l?Z=O 
N-p- k -1 
+ 1 bsktm+,(bm+k+ l-hm+k). 
WT=O 
m+k+l ). 
(6) 
Next we observe that, if N is odd, the last term in the second sum on the 
right of (6) is zero. Thus, we may write 
p k~l 
A,>, c bm(bm+k-bm+k+,) 
IF?=0 
p-k -I 
-i- c b,k+m+ ,(bm+k+, -bm+k) 
(7) 
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We claim that each term in the sum on the right of (7) is nonnegative. 
Indeed, for OdmGp-k-l we have m+k<m+k+l<p and so 
b mfkfl -b m+k>O. If 2k+m+l<p, we have b2k+m+l-bm>0 by the 
monotonicity property of the b,‘s. Suppose that m G p- k- 1 and 
p<2k-t-m+l. Then 
Thus 
b -b >h Zk+m+l - N-Zk-m-1 N rn. 
The proof is now complete. 
Proof of Theorem 2. The left-hand inequality was proved via the 
Poisson summation formula in [3, Section 21. To prove the right-hand 
inequality we first fix N> 1 and choose a trigonometric polynomial p(0) = 
C,“= --N akeike which is extremal for the problem (2). Then I, = Cr= _ N lak12 
and a, = 1. By Theorem 1 we can choose p(8) so that 
; akeikM 
k=mN 
= k$o b,eiks 2, 
I I 
where b,=b,-, for O<jdN and O<b,<b,,< ... <bcN,2,. Hence, by 
Lemma 1, we have 
1 = a, > a, > a, > . > uN > 0. (8) 
Note that uk = apk. We let a, = 0 for (nl > N, so that the squence 
{an}:= ~~ belongs to yN. We define a function A,, via 
k k+l 
n,(x)=(N+l)(ak+, -ak)(x-k/(N+ l))+ak, - N+l <x<jqq. 
Because of the properties of {a,}, it follows that A,(x)=A,( -x), that A, 
is nonincreasing on the interval [0, co], that A,(O) = 1, and that .4,(x) = 0 
for 1x1 > 1. Furthermore, since (a,} is positive definite, it follows that A, is 
positive definite. See [2, p. 6481. Thus, A 1 E F,. Because A, decreases in 
CO, I], it follows that (N + 1) ~ ’ C,“= 1 ai is a lower Riemann sum for 
JA (A ‘(x))’ dx. Hence, 
(N+l)-’ i CZ;<~’ (n,(x))’ dx. 
k=l 0 
By the symmetry of { uk 1 and A 1 we have 
(N+l)-’ f 
k= PN 
a;-(N+l)-I</’ (A,(x))2dxQC,. 
-1 
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Thus, we obtain 
(Iv+ 1)-l I,< c, + (N+ I)-‘. 
COROLLARY 1. lim,, ~ Z,/(N+ 1) = C,. 
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